A nonlinear Schrödinger (NLS) equation with an effect of viscosity is derived from a Kortewegde Vries (KdV) equation modified with viscosity using the method of multiple time-scales. It is well known that the plane-wave solution of the NLS equation exhibits modulational instability phenomenon. In this paper, the modulational instability of the plane-wave solution of the NLS equation modified with viscosity is investigated. The corresponding modulational dispersion relation is expressed as a quadratic equation with complex-valued coefficients. By restricting the modulational wavenumber into the case of narrow-banded spectra, it is observed that a type of dissipation, in this case, the effect of viscosity, stabilizes the modulational instability, as confirmed by earlier findings.
Introduction
Modulational instability is a well-known phenomenon in the context of nonlinear science, particularly those systems that have solutions in waveforms. In the context of water waves, it is the growth in space or in time of a wave amplitude under a small wave modulation [1] . It is also known as sideband instability or Benjamin-Feir instability since they investigated the phenomenon of deep-water wave trains [2] . In the field of nonlinear optics, modulational instability is a phenomenon whereby deviations from an optical waveform are reinforced by nonlinearity, leading to the generation of spectral-sidebands and the eventual breakup of the waveform into a train of pulses [3] .
The nonlinear Schrödinger (NLS) equation provides a canonical description for the modulational instability of a weakly nonlinear quasi-monochromatic dispersive wave packet. In particular, we are interested in the focusing type of the NLS equation. In this paper, we would like to investigate the stability of the plane-wave solution of the NLS equation where 2 Journal of Applied Mathematics an effect of viscosity is present. This modified NLS equation includes both the dissipative and dispersive effects of viscous boundary layers. It describes the evolution equation for the envelope of weakly nonlinear long waves on the free surface with a finite depth. The NLS equation with viscosity effect can be derived using multiple space-and time-scales method from the KdV equation that has a similar effect. While the previous equation is not really well known in the literature, the latter one has been discussed and investigated by a number of authors.
Back in the late 1960s, a theory describing the oscillations of a liquid tank near resonant frequency is developed by Chester [4] . The author featured the significant effects of dissipation and dispersion to determine oscillations, with the formation of a weak bore which travels to and fro in the tank when the former case is dominant and a series of traveling cnoidal waves along the tank when the latter case is significant. Later, a modified KdV equation to include energy dissipation is derived in the 1970s by Ott and Sudan [5] . The authors consider four different cases of the presence of dissipation: magnetosonic waves damped by electron-ion collision, ion-sound waves damped by ion-neutral collisions, ion-sound waves with electron Landau damping and shallow water waves damped by viscosity. The effect of a viscous boundary layer along the sidewall and the bottom on the propagation of infinitesimal surface gravity waves is also studied in the 1970s by Mei and Liu [6] .
Based on the governing equation developed by Chester [4] , a KdV equation modified by viscosity is derived by Miles in the mid-1970s [7] . This modified KdV equation has an extra term that describes the dissipative and dispersive effects of viscous boundary layers added to the classical KdV equation derived by Korteweg and de Vries at the end of the 19 th century [8] . Another derivation of a simple equation for weakly nonlinear long gravity waves on a viscous fluid layer is also obtained independently around the same period by Kakutani and Matsuuchi [9] . Depending on the comparisons of wavelength and the Reynolds number, they observed that the viscosity effect does not affect the classical inviscid type of the KdV equation for O(k 
0 ), where k 0 is the wavenumber and Re is the Reynolds number. The corresponding initial value problems for this type of KdV equation with viscosity effect are investigated numerically by Matsuuchi [10] and the obtained results are compared with the earlier experiments by Zabusky and Galvin [11] . Another interesting remark in term of water waves modeling, when a small viscosity is taken into account, the dissipative term is merely proportional to the wave amplitude [12, 13] .
Furthermore, a KdV equation modified by viscosity effect to include internal-wave systems is derived by Koop and Butler in the early 1980s [14] . Later, a KdV equation modified by viscosity for weakly nonlinear long waves propagating in a channel of uniform but arbitrary cross section using the method of matched asymptotic expansion is derived by Das [15] and the one for waves in a two-layer fluid by Das and Chakrabarti [16] , both in the mid-1980s. This paper is organized as follows. In Section 2, the corresponding NLS equation with viscosity effect is derived from the KdV equation with viscosity effect from Miles [7] using the method of multiple time-scales. In Section 3, we investigate the stability of the planewave solution of the derived NLS equation with viscosity effect, providing the growth rate as a function of wavenumber and its modulation. Finally, Section 4 gives a conclusion to our discussion.
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Derivation of the NLS equation with Viscosity Effect
Consider the KdV equation with viscosity effect given by Miles [7] ,
where f is the surface wave elevation,ᾱ andβ are both of O (1), and D is a diffusion operator and is given by
By writing η(x, t) = f (ξ, τ ), ξ = (x − ct) and τ = 2 t as the moving of reference, then we have ∂ x = ∂ ξ and
and, by taking s = 2 ζ, the last term of (2.1) becomes
The corresponding equation at the order of −3 is given as follows:
where the diffusion operator D is now given by
Now, substitute the small surface elevation η(x, t) as a wave packet expression consisting of a superposition of a first-order harmonic, a second-order double harmonic and a second-order non-harmonic long wave, given as follows:
where θ 0 = k 0 x − ω 0 t, ξ = (x − ct) and τ = 2 t are the variables in a moving frame of reference. The complex-valued amplitudes A, B and C are allowed to vary slowly in the frame of reference. In this case, s = O( 3 ) and thus s/ 3 = O(1). We want to apply the method of multiple scales to find an evolution equation for the complex-valued amplitude of the lowest order harmonic A(ξ, τ ). Substituting η into (2.4), collecting the terms according to the order of and the exponential term θ 0 , we obtain the corresponding nonlinear Schrödinger equation with an effect of viscosity at the lowest order O(1) and the coefficient of the term e iθ 0 , given as follows:
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In this case, ζ = O( ), and thus ζ/ = O(1). The corresponding nonlinear dispersion relation is given by:
This type of the NLS equation with viscosity effect seems to be novel and has never been investigated in the literature earlier. There are quite a number of published works which discuss wave propagation in a viscous fluid using the NLS equation with a dissipative term as its model. See for instance the works of Demiray [17] and Tay et al. [18] and the references therein, which describe models for wave propagation in an elastic tube with viscous fluid. For another type of dissipative NLS equation and its evolution of weakly nonlinear waves in the presence of viscosity and surfactant, see [19] . Recently, a dissipative variant of NLS equation motivated by interactions of a thermal cloud with a Bose-Einstein condensates, as prototypically modeled by a damping term of the form described in [20] is used for the dynamics of dark matter-wave solitons in elongated atomic condensates at finite temperatures. However, none of these models resembles the one described by (2.7). In the following section, we will investigate the stability of the plane-wave solution of the NLS equation with viscosity effect.
Modulational Instability
There is a long list of references discussing on modulational instability related to the NLS equation and its variants. A simple and direct method to construct exact quasiperiodic solutions of the NLS equation and a study of the corresponding nonlinear modulational instability is discussed by Tracy et al. in the mid of 1980s [21] . Exact analytical expressions for modulational instability in the NLS equation are obtained by Akhmediev et al. around the same period [22, 23] . The study of the modulational instability of short pulses propagating through long optical fibers by incorporating the effect of time derivative nonlinearity is presented by Shukla and Rasmussen [24] . A study of the modulation instability of an extended NLS is done by Potasek [25] . The author finds that although the time derivative of the nonlinearity affects the instability, it is discovered that the odd-order higher dispersion does not contribute to the modulation instability frequency.
The possible effect of dissipation due to the viscosity effect of the water is considered by Tanaka [26] , where the author compared the experimental result of Su and Green [27] with the theoretical prediction given by the NLS equation. The author conjectured that the disagreement between theory and experiment for smaller values of the initial steepness might be contributed by the effect of viscosity. Another study of modulational instability in nonlocal nonlinear Kerr media is given by Krolikowski et al. [28] . The authors show that for a focusing nonlinearity, the nonlocality can never remove the modulational instability comJournal of Applied Mathematics 5 pletely irrespective of the particular profile of the nonlocal response function even though it tends to suppress it. The modulational instability in a cylindrically shaped Bose-Einstein condensates subject to one-dimensional optical lattices is shown both analytically and numerically by Konotop and Salermo [29] .
The modulational instability of spatially uniform states in the NLS equation with the presence of higher-order dissipation term is discussed by Rapti et al. [30] . The authors show how the presence of even the weakest possible dissipation suppresses the instability on a longer time scale and confirm the result from Segur et al. who show that for waves with narrow bandwidth and moderate amplitude, any amount of dissipation (of a certain type) stabilizes the instability [31] . On the other hand, however, Bridges and Dias pointed out that there is an overlooked mechanism whereby some kind of dissipation can enhance the modulational instability [32] . It is pointed out that due to the collision of modes with opposite energy sign, the negative energy perturbations are enhanced.
Another study on modulational instability for the NLS equation with a periodic potential is presented by Bronski and Rapti [33] . They discovered that the small amplitude solutions corresponding to the band edges alternate stability, with the first band edge being modulationally unstable in the focusing case, the second band edge being modulationally unstable in the defocusing case, and so forth. The modulational instability of the higherorder NLS equation with fourth-order dispersion and quintic nonlinear terms describing the propagation of extremely short pulses is investigated by Hong [34] .
Consider again the NLS equation with viscosity effect (2.7). It can be checked that this NLS equation admits the plane-wave solution A 0 (τ ) = r 0 e −iγr 2 0 τ . This is due to the vanishing of the dispersive term and the diffusive term becomes
Taking derivative with respect to ξ of this term also yields the vanishing term.
, we obtain
Simplifying the expression and ignoring the higher order terms yield a linearized NLS equation with viscosity effect
where B * is the complex conjugate of B and
Substitute an Ansatz B(ξ, τ ) = B 1 e (ωτ +iκξ) + B 2 e (ω * τ −iκξ) into the linearized NLS equation with viscosity effect (3.3) . In this case, ω ∈ C is a growth rate and the coefficients B 1 , B 2 ∈ C.
The term DB now reads as
where
In particular, we are interested to consider the case where 0 < κ < k 0 so that T 2 is defined and its value is always positive.
Then we have the following pair of coupled equations:
Taking complex conjugate of the second equation, we can write in matrix form
The pair of linear homogeneous equations for B 1 and B * 2 admits a nontrivial eigenvalue for ω, provided that the determinant of the matrix coefficient is zero. We obtain the corresponding modulational dispersion relation, expressed as a quadratic equation in ω with complex-valued coefficients, given as follows:
where the coefficients are complex-valued functions P 0 (κ) and P 1 (κ), given as follows:
By completing the square of the modulational dispersion relation (3.9), we obtain the following: Furthermore, by writing the right-hand side of this expression in the polar form R(κ)e iθ(κ) , we obtain the solutions to (3.9) are given as follows: 12) where R(κ) and θ(κ) satisfy the following expressions:
Since we are interested to investigate the stability of the plane-wave solution, we seek the values of κ for which the real parts of ω 1 and ω 2 are positive, i.e. the growth rate of the instability. By taking the real part of ω 1 and ω 2 , it turns out that for all modulation wavenumber κ that satisfies 0 < κ < k 0 , Re(ω 1 ) > 0 and Re(ω 2 ) < 0, respectively. They are given explicitly as follows:
(3.14)
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Journal of Applied Mathematics Figure 1 shows the real part of the growth rate ω 1 as a function of the modulational wavenumber κ for different values of k 0 / . Furthermore, Figure 2 shows the real part of the growth rate ω 2 as a function of the modulational wavenumber κ for different values of k 0 / . Since Re(ω 2 ) < 0 for 0 < κ < k 0 , we should call it the decay rate instead of the growth rate. From both figures, we observe that for the modulational wavenumber κ → k 0 / , the growth rates tend to infinity. However, if we want to consider the case of narrow-banded spectra, it is desirable to restrict the modulational wavenumber κ as a small parameter. In order to do that, we consider the Taylor expansion of T 1 and T 2 for small κ
Under this assumption, the real part of the growth rate ω 1 as a function of the modulational wavenumber κ for different values of k 0 / is shown in Figure 3 . For each case of k 0 / , the growth rate curves terminate at κ = k 0 / . Since the growth rate is finite, this observation confirms the previous findings of Segur et al. [31] that the dissipation, in this case, the effect of viscosity, stabilizes the modulational instability.
Conclusion
In this paper, we have derived the NLS equation modified with viscosity effect based on the KdV equation modified by viscosity from Miles [7] using the method of multiple scales. also been investigated. It is observed that the modulational dispersion relation is a quadratic equation in ω with complex-valued coefficients. The corresponding growth rate of the NLS equation modified by viscosity shows a different pattern from the well-known BenjaminFeir instability for the NLS equation. The stability theory is based on the assumption that we consider the case of narrow-banded spectra, that is when the modulational wavenumber is small. It is observed that for sufficiently large value modulational wavenumber κ, the instability shows an infinite pattern of the growth rate, in particular for κ → k 0 / . By taking an approximate value of the growth rate for a small value of κ, we observe that the growth rate is finite and the analysis confirms the findings of Segur et al. [31] that any type of dissipation, in this case, the effect of viscosity, stabilizes the modulational instability.
